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ON PAIRWISE PARALINDELOFF BITOPOLOGICAL SPACES
HEND BOUSELIANA AND ADEM KILIC¸MAN
Abstract. The aim of this work is to introduce and study some new types of generaliza-
tions of pairwise paralindeloff spaces, pairwise nearly paralindeloff and almost paralindeloff
spaces. Some of their characterizations, properties and subsets are investigated and stud-
ied. Furthermore, the relation of among them with some pairwise separation axioms are
considered.
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1. Introduction and Preliminaries
The idea of bitopological spaces was first initiated by Kelly [1] then thereafter several studies
were carried out in order to generalize the topological concepts to bitopological settings. The
concept of nearly paralindeloff spaces was first introduced and studied by Thanapalan [2].
Further, in [3] and [4], studied the idea of almost paralindeloff space and presented some
of properties. The aim of this work is to study the idea of nearly and almost paralindeloff
bitopological spaces, which will be denoted by B1-nearly paralindeloff, Br-nearly paralinde-
loff, B1-almost paralindeloff spaces. Some of their characterizations, properties, subspaces
and subsets are studied and investigated. In addition, the relation of among them and some
pairwise separation axioms are also considered.
Throughout this paper, all spaces (X, τ) and (X, τ1, τ2) are always meant topological spaces
and bitopological spaces, respectively. A space (X, τ1, τ)2) is said to be (i, j)-almost regular
[5] (resp. (i, j)-regular space [1]) if for each x ∈ X and each (i, j)-regular open (resp. i-
open) set U containing x, there exists an (i, j)-regular open (resp. i-open) set V such that
x ∈ V ⊆ j−cl(V ) ⊆ U . (X, τ1, τ)2) is called pairwise almost regular (resp. pairwise regular)
if it is (1, 2)-almost regular and (2, 1)-almost regular (resp. (1, 2)-regular and (2, 1)-regular).
Definition 1.1. A space (X, τ1, τ2) is said to be
(1) i-P -space if any countable intersection of arbitrary collection of i-open sets in X is
i-open. X is called P -space if it is i-P -space for each i = 1, 2.
(2) (i, j)-P -space if any countable intersection of arbitrary collection of i-open sets in X
is j-open. X is called B-P -space if it is both (1, 2)-P -space and (2, 1)-P -space.
(3) (i, j)-Pr-space if any countable intersection of arbitrary collection of (i, j)-regular
open sets in X is (i, j)-regular open. X is called pairwise Pr-space if it is both (1, 2)-
Pr-space and (2, 1)-Pr-space.
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(4) (i, j)-weakly P -space if for any countable family {Un : n ∈ N} of i-open sets in X,
we have j − cl(
⋃
n∈N)Un =
⋃
n∈N j − cl(Un). X is called pairwise weakly P -space if it
is both (1, 2)-weakly P -space and (2, 1)-weakly P -space.
Definition 1.2. [6][7]. A bitopological space X is said to be (i, j)-nearly Lindelof if for
every i-open cover {Uα : α ∈ ∆} of X, there exists a countable subset {αn : n ∈ N} such that
X =
⋃
n∈N i− int(j − cl(Uαn)). X is called pairwise nearly Lindelof if it is both (1, 2)-nearly
Lindelof and (2, 1)-nearly Lindelof.
The concept of extremely disconnectedness was first extended to a bitopological space
(X, τ1, τ2) by Datta [8].
Definition 1.3. [8]. A bitopological space (X, τ1, τ2) is said to be (i, j)-extremely disconnected
if the i-closure of every j-open set is j-open. X is called pairwise extremely disconnected if
it is both (1, 2)-extremely disconnected and (2, 1)-extremely disconnected.
2. pairwise nearly paralindelof spaces
Definition 2.1. A bitopological space X is said to be (i, j)1-nearly paralindelof if every cover
of X by (i, j)-regular open sets has i-open refinement which is j-locally countable. X is called
B1-nearly paralindelof if it is both (1, 2)1-nearly paralindelof and (2, 1)1-nearly paralindelof.
Remark 2.2. It is clear that every (i, j)-nearly Lindelof is (i, j)1-nearly paralindelof.
Example 2.3. Let Q be an irrational numbers with the discrete topology τdis. It is clear that
(Q, τdis, τdis) is B1-nearly paralindelof (see [9]). But X is not pairwise nearly Lindelof space
because X is not pairwise almost Lindelof (see [7]).
Before the next theorem, we state the some properties of i-locally countable of a bitopo-
logical space X .
Lemma 2.4. Let (X, τ1, τ2) be a bitopological space and B be a basis containing τi-open
subsets of X. Then A is i-open if and only if for each point x ∈ A there is U ∈ B with
x ∈ U ⊂ A.
In particular, since B a basis for τi, Lemma 2.4 provides a very useful way for showing that
a given set A is i-open for i = 1, 2.
The main property of i-locally countable families is following.
Theorem 2.5. Let a bitopological space (X, τ1, τ2) be i − P -space and U = {Uα|α ∈ ∆} be
i-locally countable family in X. Then:
(1) {i− cl(Uα) : α ∈ ∆} is also i-locally countable.
(2) For each ∆
′
⊆ ∆,
⋃
{i− cl(Uα) : α ∈ ∆
′
} is i-closed in X.
Proof (1). Since the collection {Uα : α ∈ ∆} is i-locally countable, then for each x ∈ X
there is a neighborhood Ox such that Uα
⋂
Ox = ∅ for all but at most countably many α.
So Uα
⋂
Ox = ∅ ⇒ Uα ⊆ X − Ox ⇒ i − cl(Uα) ⊆ X − Ox ⇒ i − cl(Uα) ∩ Ox = ∅. This
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completes the proof.
(2). Let B =
⋃
α∈∆ i − cl(Uα). From (1), for each x /∈ B there is a neighborhood Ox
meeting at most countably many members of {i − cl(Uα) : α ∈ ∆} say, i − cl(Uα1), i −
cl(Uα2), ..., i− cl(Uαn), ...; then Ox
⋂
(
⋂
n∈N(X − i-cl(Uαn))) is i-open neighborhood of x not
meeting B, so by Lemma 2.4, X − B is i-open. Thus B is i-closed set.
Corollary 2.6. Let a bitopological space (X, τ1, τ2) be P -space and U = {Uα : α ∈ ∆} be
locally countable family in X. Then:
(1) {cl(Uα)|α ∈ ∆} is also locally countable.
(2) For each ∆
′
⊂ ∆,
⋃
{cl(Uα) : α ∈ ∆
′
} is closed in X.
Theorem 2.7. If X is (i, j)1-nearly paralindelof, (i, j)-almost regular and j-P -space, then:
(1) Every (i, j)-regular open cover of X has (i, j)-regular open refinement which is j-
locally countable.
(2) Every (i, j)-regular open cover of X has j-closed refinement which is j-locally count-
able.
(3) Every (i, j)-regular open cover of X has (i, j)-regular closed refinement which is j-
locally countable.
Proof.
(1). Let U be any (i, j)-regular open cover of X . Let x ∈ X . Then, there exists some
U ∈ U containing x. Since X is (i, j)-almost regular, there is (i, j)-regular open set Vx
such that x ∈ Vx ⊆ j − cl(Vx) ⊆ Uα. Now, V = {Vx : x ∈ X} is (i, j)-regular open cover
of X therefore it has j-locally countable family W = {Wλ : λ ∈ Λ} of i-open sets in X
refining V and covering X . It is known that Wα ⊆ i − int(j − cl(Wα)) ⊆ j − cl(Wα). Set
H = {i − int(j − cl(Wα)) : α ∈ ∆}. So, H covers X and j-locally countable because it is
a subfamily of j-locally countable by Theorem 2.5. Moreover, since W is refinement of V,
then for each Wα ∈ W there is a Vx(α) ∈ V such that Wα ⊆ Vx(α). Furthermore, we have
i− int(j − cl(Wα)) ⊆ j − cl(Wα) ⊆ j − cl(Vx(α)) ⊂ U for some U ∈ U . Therefore, H is also
refinement of U . This completes the proof.
(2). Let U be any (i, j)-regular open cover of X . Let x ∈ X . Then, there exists some
U ∈ U containing x. Since X is (i, j)-almost regular, there is (i, j)-regular open set Vx such
that x ∈ Vx ⊆ j − cl(Vx) ⊆ Uα. Now, V = {Vx : x ∈ X} is (i, j)-regular open cover of X
therefore it has j-locally countable family W = {Wλ : λ ∈ Λ} of i-open sets in X refining
V and covering X . Let H = {j − cl(W ) : α ∈ ∆} so that is also j-locally countable by
Theorem 2.5. Since W is refinement of V, then for each Wα ∈ W there is a Vx(α) ∈ V such
that Wα ⊆ j − cl(Wα) ⊂ j − cl(Vx(α)) ⊆ U for some U ∈ U . Therefore, H is refinement of U
and covers X and the proof finishes.
(3). Let U be any (i, j)-regular open cover of X . Let x ∈ X . Then, there exists some
U ∈ U containing x. Since X is (i, j)-almost regular, there is (i, j)-regular open set Vx
such that x ∈ Vx ⊆ j − cl(Vx) ⊆ Uα. Now, V = {Vx : x ∈ X} is (i, j)-regular open cover
of X therefore it has j-locally countable family W = {Wλ : λ ∈ Λ} of i-open sets in X
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refining V and covering X . Now, since W is a collection of i-open sets, then we can rewrite
H in (2) as following H = {j − cl(Wα) : α ∈ ∆} = {j − cl(i − int(Wα)) : α ∈ ∆} which
is a family of (j, i)-regular closed sets, j-locally countable refining U and covering X as desire.
Corollary 2.8. If X is B1-nearly paralindelof, pairwise almost regular and P -space, then:
(1) Every pairwise regular open cover of X has pairwise regular open refinement which
is locally countable.
(2) Every pairwise regular open cover of X has closed refinement which is locally count-
able.
(3) Every pairwise regular open cover of X has pairwise regular closed refinement which
is locally countable.
The Theorem 2.7 leads to theorem and two corollaries as following.
Theorem 2.9. In (i, j)-almost regular and j-P -space X, X is (i, j)1-nearly paralindelof if
and only if every (i, j)-regular open cover of X has (i, j)-regular open refinement which is
j-locally countable.
Proof. Let X be (i, j)1-nearly paralindelof. Then, the condition holds from Theorem 2.7.
Conversely, since each (i, j)-regular open set is i-open, the proof completes.
Corollary 2.10. In pairwise almost regular and j-P -space X, X is B1-nearly paralindelof
if and only if every pairwise regular open cover of X has pairwise regular open refinement
which is j-locally countable for i, j = 1, 2 and i 6= j.
Corollary 2.11. Let a bitopological space X be (i, j)-almost regular and j-P -space. If every
(i, j)-regular open cover of X has (i, j)-regular open refinement which is j-locally countable,
then every (i, j)-regular open cover of X has j-closed refinement which is j-locally countable.
Proof. Since i− int(j−cl(A)) ⊆ j−cl(A) and by using Theorem 2.5, then with the same
process of Theorem 2.7 (1), the proof is complete.
Corollary 2.12. Let a bitopological space X be pairwise almost regular and P -space. If
every pairwise regular open cover of X has pairwise regular open refinement which is locally
countable, then every pairwise regular open cover of X has closed refinement which is locally
countable.
Corollary 2.13. Let a bitopological space X be (i, j)-almost regular and j-P -space. If every
(i, j)-regular open cover of X has j-closed refinement which is j-locally countable and covers
X, then every (i, j)-regular open cover of X has (j, i)-regular closed refinement which is
j-locally countable (not necessary covering X).
Corollary 2.14. Let a bitopological space X be pairwise almost regular and P -space. If
every pairwise regular open cover of X has closed refinement which is locally countable, then
every pairwise regular open cover of X has pairwise regular closed refinement which is locally
countable (not necessary covering X).
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Lemma 2.15. Let (X, τ1, τ2) be a bitopological space and let (X, τ
s
(1,2), τ
s
(2,1)) its pairwise
semiregularization. Then
(1) τi − int(C) = τ s(i,j) − int(C) for every τj-closed set C;
(2) τi − cl(A) = τ s(i,j) − cl(A) for every A ∈ τj;
(3) the family of (τi, τj)-regular open sets of (X, τ1, τ2) is the same as the family of
(τ s(i,j), τ
s
(j,i))-regular open sets of (X, τ
s
(1,2), τ
s
(2,1));
(4) the family of (τi, τj)-regular closed sets of (X, τ1, τ2) is the same as the family of
(τ s(i,j), τ
s
(j,i))-regular closed sets of (X, τ
s
(1,2), τ
s
(2,1));
(5) (τ s(i,j))
s
(i,j) = τ
s
(i,j).
Lemma 2.16. If the family {Vλ : λ ∈ Λ} is i-open refinement j-locally countable of (i, j)-
regular open subsets {Uα : α ∈ ∆} in j-P -space (X, τ1, τ2), then {i− int(j − cl(Vλ)) : λ ∈ Λ}
is i-open j-locally countable of {Uα : α ∈ ∆} in (X, τ s(1,2), τ
s
(2,1)).
Proof: Since i − int(j − cl(Vλ)) ∈ τ s(i,j) for every λ ∈ Λ and Vλ ⊆ i − int(j − cl(Vλ)) ⊆
i − int(j − cl(Uα)) = Uα. Then, {i − int(j − cl(Vλ)) : λ ∈ Λ} is i-open refinement of
{Uα : α ∈ ∆} in (X, τ s(1,2), τ
s
(2,1)). Now, we need to show that {i − int(j − cl(Vλ)) : λ ∈ Λ}
is j-locally countable. Let x ∈ X and Ux ∈ τ s(j,i) containing x. Since τ
s
(j,i) ⊆ τj , Ux ∈ τj .
Now, {λ ∈ Λ : Ux ∩ Vλ 6= ∅} is countable because V is j-locally countable. Then, {λ ∈ Λ :
Ux ∩ j − cl(Vλ) 6= ∅} is also j-locally countable by Theorem 2.5. But,
{λ ∈ Λ : Ux ∩ i− int(j − cl(Vλ)) 6= ∅} ⊆ {λ ∈ Λ : Ux ∩ j − cl(Vλ) 6= ∅},
then {λ ∈ Λ : Ux∩i−int(j−cl(Vλ)) 6= ∅} is countable. Hence, {i−int(j−cl(Vλ)) : λ ∈ Λ} is
j-locally countable family in (X, τ s(1,2), τ
s
(2,1)). This implies that {i− int(j − cl(Vλ)) : λ ∈ Λ}
is j-locally countable i-open refinement of U in (X, τ s(1,2), τ
s
(2,1)). This completes our proof of
Lemma 2.16.
Corollary 2.17. If the family {Vλ : λ ∈ Λ} is open refinement locally countable of pairwise
regular open subsets {Uα : α ∈ ∆} in P -space (X, τ1, τ2), then {i − int(j − cl(Vλ)) : λ ∈ Λ}
is locally countable open refinement of {Uα : α ∈ ∆} in (X, τ s(1,2), τ
s
(2,1)) for i, j = 1, 2 and
i 6= j.
Theorem 2.18. Let (X, τ1, τ2) be j-P -space. Then (X, τ1, τ2) is (i, j)1-nearly paralindelof if
and only if (X, τ s(1,2), τ
s
(2,1)) is (i, j)1-nearly paralindelof.
Proof. Assume that (X, τ1, τ2) is (i, j)1-nearly paralindelof and let U = {Uα : α ∈ ∆} be
a (i, j)-regular open cover of (X, τ s(1,2), τ
s
(2,1)). Then, using Lemma 2.15, we get U is also (i, j)-
regular open cover of (X, τ1, τ2), hence it admits j-locally countable family V = {Vλ : λ ∈ Λ}
of i-open sets in (X, τ1, τ2) which refines U . Since Vλ ⊆ i− int(j − cl(Vλ)) and using Lemma
2.16, the collection {i− int(j − cl(Vλ)) : λ ∈ Λ} is still i-open j-locally countable refinement
of U in (X, τ s(1,2), τ
s
(2,1)). This leads to that (X, τ
s
(1,2), τ
s
(2,1)) is (i.j)1-nearly paralindelof.
Conversely, suppose that (X, τ s(1,2), τ
s
(2,1)) is (i.j)1nearly paralindelof and let U = {Uαα ∈ ∆}
be a (i, j)-regular open cover of (X, τ1, τ2). So, Uα ∈ τ s(i,j) for all α ∈ ∆. Then, by Lemma
2.15, U is also (i, j)-regular open cover of (X, τ s(1,2), τ
s
(2,1)). Then, it has i-open j-locally
countable refinement V = {Vλ : λ ∈ Λ} in (X, τ s(1,2), τ
s
(2,1)). However, τ
s
(i,j) ⊆ τi implies
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that V is i-open refinement of U in (X, τ1, τ2). To prove that V is j-locally countable
in (X, τ1, τ2), let x ∈ X and Ux be any j-open neighborhood of x in (X, τ1, τ2). Since
Ux ⊆ j − int(i − cl(Ux)), {λ ∈ Λ : Ux ∩ Vλ 6= ∅} ⊆ {λ ∈ Λ : j − int(i − cl(Ux)) ∩ Vλ 6= ∅}.
Since j − int(i − cl(Ux)) ∈ τ s(j,i) ⊆ τj and V is j-locally countable in (X, τ
s
(1,2), τ
s
(2,1)),
{λ ∈ Λ : j − int(i − cl(Ux)) ∩ Vλ 6= ∅} is countable. Thus, {λ ∈ Λ : Ux ∩ Vλ 6= ∅} is
countable. therefore, V is j-locally countable in (X, τ1, τ2). Then, (X, τ1, τ2) is (i, j)1-nearly
paralindelof.
Corollary 2.19. Let (X, τ1, τ2) be P -space. Then (X, τ1, τ2) is B1-nearly paralindelof if and
only if (X, τ s(1,2), τ
s
(2,1)) is B1nearly paralindelof.
Theorem 2.20. Let X be (i, j)-almost regular, (i, j)1-nearly paralindelof, (i, j)-Pr-space,
(j, i)-P and j-P -space. Then, every (i, j)-regular open covering of X has i-open star refine-
ment.
Proof. Let U = {Uα : α ∈ Λ} be any (i, j)-regular open covering of X . Then by Theorem
2.7, U admits j-locally countable family V of j-closed refinement of U . For each V ∈ V,
there exists a UV ∈ U such that V ⊆ UV . For each x ∈ X , let
Mx =
⋂
{Uv : x ∈ V ∈ V}
⋂
{
⋂
{X − V : x /∈ V ∈ V}}.
Since X is (j, i)-P -space, {
⋂
{X − V : x /∈ V ∈ V}} is i-open set. Moreover, H =
⋂
{Uv :
x ∈ V ∈ V} is (i, j)-regular open set because X is (i, j)-Pr-space so that H is i-open set.
Thus, each Mx is i-open set. Let define the family M = {Mx : x ∈ X}. For x ∈ X , either
x ∈ V ∈ V or x /∈ V V. So, in both cases x ∈ Mx from that the family M forms i-open
covering of X . Now we shall show that M is star refinement of U . Suppose that p ∈ X
is a fixed point and Mp =
⋃
{Mx : p ∈ Mx ∈ M}. Since V covers X , there exists V ∈ V
such that p ∈ V . We claim that p ∈ Mx ⊆ UV . Let Mx be any member of M containing
p. By definition of Mx, if x /∈ V , then p ∈ Mx ⊆ X − V . But this contradicts p ∈ V .
Therefore, x ∈ V and Mx ⊆ UV . Then, every member ofM containing p is contained in UV
and Mp ⊆ UV ∈ U . Therefore M is i-open star refinement of U .
Corollary 2.21. Let X be pairwise almost regular, B1-nearly paralindelof, pairwise Pr and
P -space. Then, every pairwise regular open covering of X has open star refinement.
Remark 2.22. We can notice that every RR-pairwise paralindelof is B1-nearly paralindelof.
But the converse is not true in general because not each i-open cover is (i, j)-regular open
cover.
Definition 2.23. [6][7]. A bitopological space X is said to be (i, j)-almost Lindelof (resp.
(i, j)-weakly Lindelof) if for every i-open cover {Uα : α ∈ ∆} of X, there exists a countable
subset {αn : n ∈ N} such that X =
⋃
n∈N j − cl(Uαn) (resp. X = j − cl(
⋃
n∈N Uαn)). X
is called pairwise almost Lindelof (resp. pairwise weakly Lindelof) if it is both (1, 2)-almost
Lindelof and (2, 1)-almost Lindelof (resp. (1, 2)-weakly Lindelof and (2, 1)-weakly Lindelof).
Proposition 2.24. . In (i, j)1-nearly paralindelof, (i, j)-semiregular and j-P -space, every
(i, j)-weakly Lindelof is (i, j)-almost Lindelof.
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Proof. Let U = {Uα : α ∈ ∆} be an (i, j)-regular open cover ofX . SinceX is (i, j)1-nearly
paralindelof, U admits an i-open refinement which is j-locally countable V = {Vλ : λ ∈ Λ}.
Since X is (i, j)-weakly Lindelof, there exists a countable subfamily {Vλn : n ∈ N} such
that X = j − cl(∪n∈NVλn). Since X is j-P -space and the family V∗ = {Vλn : n ∈ N} is
j-locally countable (since V∗ ⊂ V), then j − cl(
⋃
n∈N Vλn) =
⋃
n∈N j − cl(Vλn). Picking for
n ∈ N, αn ∈ ∆ such that Vλn ⊆ Uαn , we get X =
⋃
n∈N j − cl(Vλn) =
⋃
n∈N j − cl(Uαn).
Therefore, X is (i, j)-almost Lindelof.
Corollary 2.25. In B1-nearly paralindelof, pairwise semiregular and P -space, every pairwise
weakly Lindelof is pairwise almost Lindelof.
Proposition 2.26. (see [7]). An (i, j)-regular space is (i, j)-almost Lindelof if and only if
it is i-Lindelof.
Corollary 2.27. A pairwise regular space is pairwise almost Lindelof if and only if it is
Lindelof.
Proposition 2.28. In (i, j)1-nearly paralindelof, (i, j)-regular and j-P -space, every (i, j)-
weakly Lindelof is i-Lindelof.
Proof. Let {Uα : α ∈ ∆} be an i-open cover of X . Since X is (i, j)-regular, then it
is (i, j)-semiregular. So X is (i, j)-almost Lindelof by Proposition 2.24. Also, since X is
(i, j)-regular, then X is i-Lindelof by Proposition 2.26.
Corollary 2.29. In B1-nearly paralindelof, pairwise regular and P -space, every pairwise
weakly Lindelof is Lindelof.
Definition 2.30. A bitopological space (X, τ1, τ2) is said to be (i, j)
∗-almost regular if for
any (i, j)-regular closed set A and any point x ∈ X, there exist i-open set U and j-open
set such that A ⊆ U, x ∈ V and U ∩ V = ∅. X is called B∗-almost regular if it is both
(1, 2)∗-almost regular and (2, 1)∗-almost regular.
Proposition 2.31. A bitopological space X is (i, j)∗-almost regular space if and only if for
every point x ∈ X and for every (i, j)-regular open set V of X containing x, there exists an
(j, i)-regular open set such that x ∈⊆ U ⊆ i− cl(U) ⊆ V .
Proof. Let V be any (i, j)-regular open set of X containing x. Then, X − V is (i, j)-
regular closed set disjoint from {x}. Since X is (i, j)∗-almost regular, there exist i-open
set A and j-open set B in X such that x ∈ B,X − V ⊂ A and A ∩ B = ∅. So
i − cl(B) ∩ A = ∅ =⇒ i − cl(B) ⊆ X − A ⊆ V . Then, x ∈ B ⊆ i − cl(B) ⊆ V .
Again, B ⊆ j − int(i − cl(B)) ⊆ i − cl(B) ⊆ V . Set U = j − int(i − cl(B)), therefore,
x ∈ U ⊆ i − cl(U) ⊆ V as desire. Conversely, let F be any (i, j)-regular closed set in X
and let any singleton {x} disjoint from F . Hence, X − F is (i, j)-regular open set contain-
ing x. By hypothesis, there exists (j, i)-regular open set U in X containing x such that
x ∈ U ⊆ i − cl(U) ⊆ X F . So F ⊆ X − i − cl(U), x ∈ U and U ∩ X − i − cl(U) = ∅.
Therefore, X is (i, j)∗-almost regular.
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Corollary 2.32. A bitopological space X is B∗-almost regular space if and only if for every
point x ∈ X and for every pairwise regular open set V of X containing x, there exists an
pairwise regular open set such that x ∈⊆ U ⊆ i− cl(U) ⊆ V for each i = 1, 2.
Theorem 2.33. Let a bitopological space X be j-Hausdorff and j-P-space. If X is (i, j)1-
nearly paralindelof, then it is (i, j)∗-almost regular.
Proof. Let x ∈ X and F be any (i, j)-regular closed subset of X such that x /∈ F . Now,
for every y ∈ F , since X is j-Hausdorff space, there exist two disjoint j-open sets Uxy and Vy
such that x ∈ Uxy, y ∈ Vy. Since Uxy∩Vy = ∅ =⇒ j−cl(Vy)∩Uxy = ∅, y /∈ Uxy. Furthermore,
{x} ⊆ Uxy so that {x} ∩ Vy = ∅ =⇒ j − cl(Vy) ⊆ X {x}.
Now U = {i − int(j − cl(Vy)) : y ∈ F}
⋃
{X − F} is (i, j)-regular open cover of X . Then
U has j-locally countable family W = {Wα : α ∈ ∆}
⋃
{X − F} of i-open sets which
refines U . Set V =
⋃
{Wα : α∆} so that V is i-open set containing F . Further, let
H = X −
⋃
{j − cl(Wα : α ∈ ∆}. Since {Wα : α ∈ ∆} is j-locally countable and X is
j-P -space, then
⋃
{j − cl(Wα) : α ∈ ∆} is j-locally countable by Theorem 2.5. Thus, H is
j-open set.
Since W refines U and every Wα meets F , for each α ∈ ∆, there is y ∈ F such that
Wα ⊆ i − int(j − cl(Vy)) =⇒ j − cl(W ) ⊆ j − cl(i − int(j − cl(Vy))) ⊆ j − cl(Vy) ⊆
X − {x}. Hence, x /∈ j − cl(W ) for each α ∈ ∆. Thus, x /∈
⋃
{j − cl(Wα : α ∈ ∆}. So
x ∈ X
⋃
{j − cl(Wα : α ∈ ∆} = H . Then, F ⊆ V, x ∈ H V ∩ H = ∅. Therefore, X is
(i, j)∗-almost regular.
Corollary 2.34. Let a bitopological space X be Hausdorff and P-space. If X is B1-nearly
paralindelof, then it is B∗-almost regular.
Definition 2.35. A bitopological space X is said to be (i, j)-weakly regular if for each (i, j)-
regular closed set F and for each x /∈ F such that j − cl{x} ∩ F = ∅, there exist i-open set
U and j-open set such that {x} ⊆ U, F ⊆ V and U ∩ V = ∅. X is called pairwise weakly
regular if it is both (1, 2)-weakly regular and (2, 1)-weakly regular.
Theorem 2.36. A bitopological space X is (i, j)-weakly regular if and only if for each point
x ∈ X and for each (i, j)-regular open set U containing j − cl{x}, there exists i-open set V
such that x ∈ V ⊆ j − cl(V ) ⊆ U .
Proof. Suppose that X is (i, j)-weakly regular. Let x ∈ X and V be any (i, j)-regular
open set containing j − cl{x}. So, G = X − V is (i, j)-regular closed set and x /∈ G. Since
X is (i, j)-weakly regular, there exist there exist i-open set A and j-open set B such that
{x} ⊆ A,G ⊆ B and A∩B = ∅. Now, A ⊆ X−B =⇒ j−cl(A) ⊆ j−cl(X−B) = X−B ⊂
X − G = V . Then, we have, x ∈ A ⊆ j − cl(A) ⊆ V . Hence the result. Conversely, let
the condition holds. Let x ∈ X and F be any (i, j)-regular closed such that x /∈ F . Thus,
x ∈ X F and by hypothesis, there exists i-open set U such that x ∈ U ⊆ j− cl(U) ⊆ X−F .
Then, x ∈ U, F ⊆ X−j-cl(U) and U∩X−j-cl(U) = ∅. Therefore, X is (i, j)-weakly regular.
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Corollary 2.37. A bitopological space X is pairwise weakly regular if and only if for each
point x ∈ X and for each pairwise regular open set U containing j−cl{x}, there exists i-open
set V such that x ∈ V ⊆ j − cl(V ) ⊆ U for each i, j = 1, 2 and i 6= j.
Remark 2.38. Clearly, every (i, j)-almost regular space is (i, j)-weakly regular because each
(i, j)-regular open set is i-open. Furthermore, if the bitopological space X is T1, then, the
concept of pairwise weakly regularity and pairwise almost regularity are equivalent.
Theorem 2.39. In an (i, j)-weakly regular, (i, j)1-nearly paralindelof and j-P-space, every
pair disjoint (i, j)-regular closed sets can be strongly separated.
Proof. Let F and G be any (i, j)-regular closed subsets ofX . Then, for every point x ∈ F ,
such that j− cl({x}) contained in F . Since X is (i, j)-weakly regular, there exists i-open set
Ux containing x and j − cl(Ux) ∩ G = ∅. Now, U = {Ux : x ∈ F}
⋃
{X − F} is a family of
(i, j)-regular open sets which covers X . Hence, it has j-locally countable family W = {Wα :
α ∈ ∆}
⋃
{X − F} of i-open sets refining U and covering X . Let W =
⋃
{Wα : α ∈ ∆} so
that W is i-open set containing F . Set H = X −
⋃
{j − cl(Wα) : α ∈ ∆}. As the proof of
Theorem 2.33 and by Theorem 2.5, H is j-open set. For each α ∈ ∆, there exists x ∈ F such
thatWα ⊆ i−int(j−cl(Ux)) =⇒ l−cl(Wα) ⊆ j−cl(i−int(j−cl(Ux))) ⊆ j−cl(Ux) ⊆ X−G.
Then, G ∩ j − cl(Wα) = ∅ for all α ∈ ∆. Hence, G ⊆ X −
⋃
{j − cl(Wα) : α ∈ ∆} = H .
Therefore, W and H are i-open and j-open set respectively such that F ⊆ W,G ⊆ H and
W ∩H = ∅ and hence the result.
Corollary 2.40. In pairwise weakly regular, B1-nearly paralindelof and P-space, every pair
disjoint pairwise regular closed sets can be strongly separated.
Corollary 2.41. In an (i, j)-almost regular, (i, j)1-nearly paralindelof and j-P-space, every
pair disjoint (i, j)-regular closed sets can be strongly separated.
Proof. From Remark 2.38, every (i, j)-almost regular space is (i, j)-weakly regular.
Corollary 2.42. In an pairwise almost regular, B1-nearly paralindelof and P-space, every
pair disjoint pairwise regular closed sets can be strongly separated.
Definition 2.43. A bitopological space (X, τ1, τ2) is said to be (i, j)r-nearly paralindelof
if every (i, j)-regular open cover {Uα : α ∈ ∆} of X admits (i, j)-regular open j-locally
countable refinement {Vβ : β ∈ B} such that j − cl(Vβ) ⊆ Uα(β) for some β ∈ B. X is called
Br-nearly paralindelof is it is both (1, 2)r-nearly paralindelof and (2, 1)r-nearly paralindelof.
Remark 2.44. It clear that every (i, j)r-nearly paralindelof space is (i, j)1-nearly paralindelof
since every (i, j)-regular open set is i-open. But the converse is not true in general.
Theorem 2.45. Let X be (i, j)-almost regular (i, j)-semiregular and j-P -space. Then, X is
τi paralindelof respect to τj if and only if X is (i, j)r-nearly paralindelof.
Proof. Let X be τi paralindelof respect to τ2. Let U = {Uα : α ∈ ∆} be (i, j)-regular open
cover of X . For x ∈ X , there is a set Uα ∈ U containing x. Since X is (i, j)-almost regular,
there exists (i, j)-regular open set neighbourhood Vx of x such that x ∈ Vx ⊆ j−cl(Vx) ⊆ Uα.
The collection V = {Vx : x ∈ X} is (i, j)-regular open cover of X so that it is also i-open
cover of X . By hypothesis, V has j-locally countable family W of i-open sets refining V
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and covering X , i.e., X =
⋃
{W : W ∈ W} ⊆
⋃
{i − int(j − cl(W ))W ∈ W} so that
H = {i − int(j − cl(W )) = H : W ∈ W} is a family of (i, j)-regular open subsets which
covers X . Now, we have to show that H is j-locally countable, refines U and j− cl(H) ⊆ Uα
for some α ∈ ∆. Since {i − int(j − cl(W )) : W ∈ W} ⊆ {j − cl(W ) : W ∈ W} and
{j − cl(W ) : W ∈ W} is j-locally countable, H is also j-locally countable by Theorem 2.5.
For each W ∈ W, pick some αW ∈ ∆ such that H ⊆ j − cl(H) ⊆ j − cl(W ) ⊆ UαW .
Therefore, X is (i, j)r-nearly paralindelof.
Conversely, in (i, j)-semiregular space, (i, j)-regular open set and i-open are equivalent.
Thus, the proof completes.
Corollary 2.46. Let X be pairwise almost regular pairwise semiregular and P -space. Then,
X is RR-pairwise paralindelof if and only if X is Br-nearly paralindelof.
Lemma 2.47. Let X be (i, j)r-nearly paralindelof, (i, j)-almost regular and j-P -space. Then,
every (i, j)-regular open cover U = {Uα : α ∈ ∆} of X has (i, j)-regular open refinement
j-locally countable family V = {Vα : α ∈ ∆} such that j − cl(Vα) ⊆ Uα for all α ∈ ∆.
Proof. Since X is (i, j)-almost regular space, there is (i, j)-regular open cover W = {W :
W ∈ W} refining U such that, for allW ∈ W, j−cl(W ) ⊆ Uα for some α ∈ ∆. Then,W has
j-locally countable family G = {Gλ : λ ∈ Λ} of (i, j)-regular open sets which refines W and
covers X such that for all λ ∈ Λ we have j − cl(Gλ) ⊆ Uα for some α ∈ ∆. Take f : Λ→ ∆.
Now, for each λ ∈ Λ, choose f(λ) ∈ ∆ such that j− cl(Gλ) ⊆ Uf(λ). Set Λα = f
−1(α) for all
α ∈ ∆.
Notice that some members of Λα might be empty and Λα ∩ Λα′ = ∅ for α 6= α
′
. Let
Hα =
⋃
λ∈Λα
Gλ. So, the family H = {Hα : α ∈ ∆} covers X . Now, by using Theorem ??,
we have j − cl(Hα) = j − cl(
⋃
λ∈Λα
Gλ) =
⋃
λ∈Λα
j − cl(Gλ) ⊆ Uα
hence j − cl(Hα) ⊆ Uα for all α ∈ ∆. Then, V = {i − int(j − cl(Hα)) = Vα : α ∈ ∆}
is (i, j)-regular open cover of X since Hα ⊆ i − int(j − cl(Hα)). Since V is a subfamily of
j-locally countable family, then V is j-locally countable such that j − cl(Vα) = j − cl(i −
int(j − cl(Hα))) ⊆ j − cl(j − cl(Hα)) = j − cl(Hα) ⊆ Uα for each α ∈ ∆.
Corollary 2.48. Let X be Br-nearly paralindelof, pairwise almost regular and j-P -space.
Then, every pairwise regular open cover U = {Uα : α ∈ ∆} of X has pairwise regular open
refinement j-locally countable family V = {Vα : α ∈ ∆} such that j − cl(Vα) ⊆ Uα for all
α ∈ ∆ for all i, j = 1.2 and i 6= j.
Theorem 2.49. Let a bitopological space X be (i, j)-almost regular, (j, i)-weakly P and j-
P -space. If X is (i, j)r-nearly paralindelof such that there exists j-dense set A of X which
is (i, j)-nearly Lindelof subspace, then X is (i, j)-nearly Lindelof space.
Proof. Let U = {Uα : α ∈ ∆} be any (i, j)-regular open cover of X . By Lemma
2.47, there exists (i, j)-regular open j-locally countable refinement V = {Vα : α ∈ ∆} of
U such that j − cl(Vα) ⊆ Uα for each α ∈ ∆. Then, {A ∩ Vα : α ∈ ∆} forms (i, j)-
regular open cover of subspace A. Therefore, there exists a countable set ∆0 ⊂ ∆ such that
A ⊆
⋃
{A ∩ Vα : α ∈ ∆0} Then, since X is ij-weakly P -space, we have
X = j−cl(A) = j−cl(
⋃
α∈∆0
(A∩Vα)) =
⋃
α∈∆0
j−cl(A∩Vα) ⊆
⋃
α∈∆0
j−cl(Vα) ⊆
⋃
α∈∆0
Uα,
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Thus, X is (i, j)-nearly Lindelof space.
Corollary 2.50. Let a bitopological space X be pairwise weakly P -space. If X is Br-nearly
paralindelof such that there exists dense set A of X which is pairwise nearly Lindelof subspace,
then X is pairwise nearly Lindelof space.
3. pairwise almost paralindelo¨f subset
In this section, we are going to study a new class of pairwise almost paralindelof namely
B1-almost paralindelof space.
Definition 3.1. A bitopological space X is (i, j)1-almost paralindelof if every i-open cover
U of X admits j-locally countable collection V of i-open subsets of X refining U such that
X =
⋃
{j − cl(V ) : V ∈ V}. X is called B1-almost paralindelof if it is (1, 2)1-almost
paralindelof and (2, 1)1-almost paralindelof.
Proposition 3.2. Let X be (i, j)-almost regular, (i, j)1-almost paralindelof and j-P -space.
Then, every (i, j)-regular open cover U of X, there exists j-locally countable family of (j, i)-
regular closed sets which refines U and covers X.
Proof. Let U be any (i, j)-regular open cover of X . For each point x ∈ X , there exists
(i, j)-regular open set Vx such that
x ∈ Vx ⊆ j − cl(Vx) ⊆ U
for some U ∈ U . Now, V = {Vx : x ∈ X} is (i, j)-regular open cover of X . There exists
j-locally countable family W of i-open sets which refines V such that X =
⋃
{j − cl(W ) :
W ∈ W}. Now, for each α ∈ ∆, there exists x(α) ∈ X such that
Wα ⊆ j − cl(Vx(α)) ⊆ U
for some U ∈ U . Hence, we obtain
j − cl(Wα) ⊆ j − cl(Vx(α)) ⊆ U .
Since X is j-P -space, then the family {j − cl(Wα) : α ∈ ∆} is j-locally countable collec-
tion, using Theorem 2.5, of (j, i)-regular closed sets which refines U and covers X .
Corollary 3.3. Let X be pairwise almost regular, B1-almost paralindelof and P -space. Then,
every pairwise regular open cover U of X, there exists locally countable family of pairwise
regular closed sets which refines U and covers X.
Remark 3.4. It is clear that every RR-pairwise paralindelof spaces are B1-almost paralin-
delof.
Theorem 3.5. Let X be (i, j)-almost regular, (j, i)-extremely disconnected and j-P -space.
Then, X is (i, j)1-nearly paralindelof if it is (i, j)1-almost paralindelof.
Proof. If X is (i, j)1-nearly paralindelof, then clearly that it is (i, j)1-almost paralindelof.
Conversely, let U = {Uα : α ∈ ∆} be any (i, j)-regular open cover of X . For each x ∈ X ,
there is (i, j)-regular open set Vx such that
x ∈ Vx ⊆ j − cl(Vx) ⊆ Uα
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for some α ∈ ∆. Now, V = {Vx : x ∈ X} forms (i, j)-regular open cover of X . Since X is
(i, j)1-almost paralindelof, there exists j-locally countable family W = {Wβ : β ∈ B} of i-
open sets that refines V such thatX =
⋃
{j−cl(Wβ) : β ∈ B}. SetH = {j−cl(Wβ) : β ∈ B}.
For every β ∈ B, there exists x(β) ∈ X such that Wβ ⊆ j − cl(Wβ) ⊆ j − cl(Vx) ⊆ Uα(x)
for some α(x) ∈ ∆. Hence {j − cl(Wβ) : β ∈ B} refines U . Since X is (j, i)-extremely
disconnected, then j − cl(Wβ) = i − int(j − cl(Wβ)), i.e., j − cl(Wβ) is i-open set, say H .
Moreover, {j − cl(Wβ) : β ∈ B} is j-locally countable because X is j-P -space. Therefore,
H is j-locally countable family of i-open sets refining U . Thus, X is (i, j)1-nearly paralindelof.
Corollary 3.6. Let X be pairwise almost regular, pairwise extremely disconnected and P -
space. Then, X is B1-nearly paralindelof if it is B1-almost paralindelof.
References
[1] J. C. Kelly, Bitopological Spaces, Proc. London Math. Soc., 13 (3)(1963), pp. 71–89.
[2] P. T. Daniel Thanapalan, On nearly paralindelof spaces, Indian J. Pure Appl. Math., 22(4), April (1991),
pp. 303–311.
[3] P. T. Daniel Thanapalan, On mappings of (locally) almost and (locally) nearly paralindelof spaces, Indian
J. Pure Appl. Math., 23(12)(1992), pp. 867–872.
[4] P. T. Daniel Thanapalan, One-point extensions of locall almost paralindelof spaces, Indian J. Pure Appl.
Math., 25(8)(1994), pp. 851–859.
[5] Singal, A. R., Arya, S. P., On pairwise almost regular spaces, Glasnik Mat. Ser. III , 6 (26) (1971), pp.
335–343.
[6] A. Kılıc¸man and Z. Salleh, On pairwise almost regular-Lindelof spaces, Scientiae Mathematicae Japon-
icae, 70, No. 3(2009), 285–298:e2009, pp. 481–494.
[7] A. Kılıc¸man and Z. Salleh, Pairwise almost Lindelof bitopological spaces II, Journal of Malaysian Math-
ematical Sciences, (2)(2007), pp. 227–238.
[8] M. C. Datta, Projective bitopological spaces, J. Austral. Math. Soc., 13 (1972), pp. 327–334.
[9] L. A. Steen and J. A. Seebach Jr., Counterexamples in Topology, 2nd Edition, Springer-Verlag, New
York, 1978.
Department of Mathematics, University Putra Malaysia, 43400 UPM, Serdang, Selangor
Malaysia, E-mail:bouseliana2007@yahoo.com
Department of Mathematics and Institute for Mathematics Research, University Putra
Malaysia, 43400 UPM, Serdang, Selangor, Malaysia, E-mail:akilic@upm.edu.my
